
Principal Component Regression  
and 

Partial Least Squares (PLS)
Biased Regression Techniques



UNbiased Regression

X ̂β = ŷ

E( ̂β) = β
mean of the distribution 

of all possible sample 
parameters

population “truth”



Biased Regression

X ̂β = ŷ

E( ̂β) ≠ β
population “truth”mean of the distribution 

of all possible sample 
parameters

on purpose!



Biased Regression



Biased Regression



Biased Regression



Biased Regression



Biased Regression
‣ What do you lose?  

๏ Statistical testing of significance 
 

‣ What do you gain? 
๏ (Hopefully) Predictive accuracy on 

validation data



Dealing with 
Multicollinearity

‣ PCA gives us a new representation of our data that 
is completely uncorrelated. 

‣ HOWEVER, using all the principal 
components does not solve the underlying 
problem of multicollinearity. It just hides it 
through rotation. 

‣ Must drop some components to solve severe 
multicollinearity.



Principal Components 
Regression

‣ Want to model target, y as a function of x’s: 

‣ Use the principal components (the scores for each 
observation) as your new predictor variables. 

y =α 0 +α1prin1 +α 2prin2 +…+α kprink + ε

y = β0 + β1x1 + β2x2 +…+ β px p + ε



Principal Components 
Regression

‣ Use the fact that the principal components are 
linear combinations of your original variables to get 
back to the β’s (for interpretation):

prin1= v11x1 + v21x2 +…+ v p1x p

Entries from the eigenvectors (loadings)



Replacement math for 
correlation PCA



Choosing the number 
of components for PCR 

(cross-validation)



Cross Validation

Your data. Many observations.



Cross Validation

7 Copies of your data.



Cross Validation

7 Copies of your data. Each divided into 7 pieces.Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7



Cross Validation

7-Fold Cross Validation.

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7



Cross Validation

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7

Use 6 blocks of data for training the model



Cross Validation

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7

Test that model on the remaining block of data 
and record performance statistic, like the MSE



Cross Validation

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7

MSE=.1

Repeat with next block of data.



Cross Validation

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7

MSE=.1

Repeat with next block of data.

MSE=.2



Cross Validation

Round 1 Round 2 Round 3 Round 4 Round 5 Round 6 Round 7

MSE=.1 MSE=.2 MSE=.3 MSE=.1 MSE=.2 MSE=.3 MSE=.1

(At Completion)



Cross Validation

MSE=.1 MSE=.2 MSE=.3 MSE=.1 MSE=.2 MSE=.2 MSE=.1

Average out-of-sample MSE for the trained model: 
(.1+.2+.3+.1+.2+.2+.1)/7 = 0.17

We’d repeat this process, training r different models  
 using 1, 2, 3, … , r principal components. 

In this example, each of the r models would be trained  
and tested 7 different times (once at each CV iteration). 

(At Completion)



Applying Principal 
Component Regression



Baseball data: Inputs
AtBat: Number of times at bat in 1986 
Hits: Number of hits in 1986 
HmRun: Number of home runs in 1986 
Runs: Number of runs in 1986 
RBI: Number of runs batted in in 1986 
Walks: Number of walks in 1986 
Years: Number of years in the major 
leagues 
CAtBat: Number of times at bat during 
his career 
CHits: Number of hits during his career 
CHmRun: Number of home runs during 
his career 
CRuns: Number of runs during his 
career 

CRBI: Number of runs batted in during 
his career 
CWalks: Number of walks during his 
career 
League: A factor with levels A and N 
indicating player's league at the end of 
1986 
Division: A factor with levels E and W 
indicating player's division at the end of 
1986 
PutOuts: Number of put outs in 1986 
Assists: Number of assists in 1986 
Errors: Number of errors in 1986 
NewLeague: A factor with levels A and 
N indicating player's league at the 
beginning of 1987 

Goal: Predict 1987 Salary



Principal Component 
Regression

# CV folds

random seed

principal components regression



CV Result: Use 4 components to 
minimize out-of-sample error.

With 4 components, the average 
error for cross validation was <0.9



CV Chart Interpretation

Average Root Mean Predicted Residual Error Sum 
Squares (RMSE) on out of sample data.

R2 from the PCR model: 

y=α0+α1Prin1+…+αkPrink

% of variation in X 
explained by the PCs



Axes represent 1st and 2nd 

principal components

(x,y) coordinates give

correlation of each variable


with each of the PCs

“radial” coordinate gives

the variables’ communality.

This is the R2 for predicting


the variable using the 2

principal components.

(see comments in Factor Analysis 


in-class SAS code using IPIP data)

X Rsq refers to % of variance explained by this PC. 

Y Rsq refers to the R2 for predicting y with just this PC.

All the observations are in 
the middle so you can just 
notice any obs that are 

extreme on either component



Finalize Model

Give us parameters in terms of 

original variables

specify number of components from CV



Finalize Model



What? No testing? 😩

‣ Would it really make sense? 

‣ How much of salary is due to home runs this year 
vs. hits this year? career home runs vs home runs 
this year?



A Big Data Example 
where PCR destroys OLS



The Big Data Set
‣ 500,000 observations 

‣ 120 numeric input variables labelled v1-v120 

‣ 1 numeric target variable labelled target 

‣ 1 variable indicating test set labelled test 
(i.e. test=1 for test obs, test=0 for training obs) 

‣ Source of the data? top-secret.



1.) Implement OLS Regression 
2.) Score Test Data

Variance  
Inflation  
Factors

Only use  
training 

observations

Data Exceeded 
Size Limit.  
Override.

Output 
Parameter 

Estimates for 
Proc Score



1.) Implement OLS Regression 
2.) Score Test Data

Input 
Parameter 

Estimates from 
Proc Reg

Output scored 
test data to  
dataset out

Only use  
test 

observations



VIFs 😳



3) Compute PCR: 
a) Find optimal number of components 
b) Use optimal number of components

Only use  
training 

observations



3) Compute PCR: 
a) Find optimal number of components 
b) Use optimal number of components

Only use  
training 

observationsUse ods output and 
solution option to get 

parameter estimates for  
use in proc score



4) Score test data with PCR model: 
a) Create score table from ods output 

Compare the table work.OLS with  
work.PCR_estimates 

 
These two procedures transform  

work.PCR_estimates to match the  
structure of work.OLS 



4) Score test data with PCR model: 
b) score test data with proc score

Output from first 
proc score contained  

original data plus OLS 
predicted values. By using 

that version of data we’ll have 
both predictions on same  

table

That final table 
called out2



5) Compare the two models 
a) via R2 
b) via RMSE

And the winner is: PCR



Partial Least 
Squares (PLS)



Supervised vs. Unsupervised

‣ PCA is an unsupervised method of analysis 
The directions of maximal variance do not  
take into account a target/response variable y 

‣ PLS is a supervised alternative to PCA 
 
The directions are drawn to not only best 
summarize the X data but also to best predict 
a target/response variable y.



Partial Least Squares

‣ First PLS direction z1 is a linear combination of 
predictor variables where the coefficient of xj is the 
simple linear regression coefficient of y on xj 

‣ => highest weight on variables most correlated with y.  

‣ Then, data is orthogonalized and next direction 
drawn in same manner. Repeat until p components.



Partial Least Squares

‣ Popular in some scientific disciplines, particularly 
when more than one target/response variable. 

‣ In practice, does not perform better than PCR or 
Ridge regression (…coming in Fall 3)



Partial Least Squares on 
Big Data Example



Just change method to PLS!

2-fold Cross-Validation to  
determine # Components

Same ODS output trick 
to get scoring coefficients

1) Implement PLS 
a) Compute optimal number of components 
b) Create model 



2) Score test data with PLS model 
a) Create score table from ods output

Compare the table work.OLS with  
work.PLS_estimates 

 
These two procedures transform  

work.PLS_estimates to match the  
structure of work.OLS 



4) Score test data with PLS model: 
b) score test data with proc score

Output from second proc score  
contained original data plus OLS 

predicted values and PCR 
 predicted values. By using that  
version of data we’ll have all 3  

predictions on same table

That final table 
called out3



5) Compare the three models 
a) via R2 
b) via RMSE And the winner is: PCR. 

                           still.


